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Abstract
We discuss the Einstein tensor, the supercurrent and their conservation laws of old and new min-
imal formulations of supergravity in the superconformal approach. The variation of the action
with respect to the gauge field of the R-symmetry in the conformal approach (the auxiliary field
in the super-Poincare´ action) allows to find the Einstein tensor and supercurrent in any curved
background. Hence generalized expressions for their Ward identities follow. This proceeding is
based on [1, 2].
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2
1 Introduction
In general for every rigid symmetry there is a conserved current upon using equations of
motion. Currents can be found from gauge couplings. For example, from the Lagrangian
of electromagnetic field S =
∫
d4x[− 1
4g2
FµνF
µν + AµJµ + ...], the variation with respect to
Aµ gives a current ∂
µFµν = Jν , which is conserved upon using the field equations of Aµ,
∂µJµ ≈ 0 1. Likewise, for pure gravity one finds Gµν ≈ 0. The canonical energy momentum-
tensor is symmetric due to Lorentz rotation invariance: Tµν = Tνµ. It is also conserved once
the field equations of the theory are used. Callan, Coleman and Jackiw (CCJ) have proved
in [3] that the energy-momentum tensor can be made traceless once the theory possesses a
scale and conformal invariance.
Θµν = Tµν + improvement term , ∂
µΘµν = 0, Θµν = Θνµ, Θ
µ
µ = 0 . (1.1)
This improved energy-momentum tensor found its place in the supercurrent multiplet Jαα˙.
In rigid supersymmetry the conservation law of a supercurrent Jαα˙ expressed through its
supercurrent divergence is [4–9]
D
α˙
Jαα˙ ≈ DαY + ωα , (1.2)
where Y , ωα are chiral superfields and moreover ωα satisfies a reality condition Dαω
α =
Dα˙ω
α˙. In linearized supergravity [5, 8] the current couples to the Einstein multiplet Eαα˙:
Eαα˙ ≈ −κ2Jαα˙ , (1.3)
with their Ward identities in old and new minimal formulations:
D
α˙
Eαα˙ = DαR, Dα˙Eαα˙ = WLα , (1.4)
where R is a scalar chiral multiplet and WLα is a spinor chiral multiplet. The trace equation
becomes in the two formulations
R ≈ −κ2Y , WLα ≈ −κ2ωα . (1.5)
The equations (1.3) and (1.5) are the supergravity extensions of the Einstein equation and
its trace:
Gµν ≈ κ2Tµν , R ≈ −κ2Tµµ . (1.6)
The content of this proceeding is based on [1,2]. We will give fully non-linear expressions
for the Ward identities of supercurrents using the superconformal techniques explained in
[10].
2 The Improved Energy-Momentum Tensor
Let us shortly review the CCJ improved tensor by considering a Lagrangian of a single scalar
field 2
S =
∫
d4x
√−g(1
2
∂µϕ∂
µϕ− V (ϕ)). (2.1)
1We will indicate equations valid modulo equations of motion by ≈.
2For a discussion of more general settings see [11,12].
3
It has a symmetric and conserved, but not traceless canonical energy-momentum tensor.
The improved energy-momentum tensor is defined with an improvement term
Θµν = Tµν − 1
6
(∂µ∂ν − gµν2)ϕ2, (2.2)
which is obviously conserved ∂µΘµν = 0. The second term now contributes to the trace
and gives a traceless improved tensor upon using ϕ field equation provided the potential is
quartic. The latter ensures a conformal invariance
Θµ
µ ≈ 0 . (2.3)
The improved energy-momentum tensor can also be obtained from the conformal invariant
gravity-coupled action. For a conventional gravity theory
S =
∫
d4x
√−g [1
2
κ−2R + LM
]
, (2.4)
the variation with respect to the metric gives
Gµν ≈ κ2Tµν . (2.5)
To have conformal and Weyl symmetry, we should replace κ−2 → κ−2 − 1
6
ϕ2. After doing
this replacement and considering the single scalar field for LM , we get
S =
∫
d4x
√−g [1
2
(κ−2 − 1
6
ϕ2)R + 1
2
gµν∂µϕ∂νϕ− V (ϕ)
]
, (2.6)
Gµν ≈ κ2Θcµν , Θcµν = Tµν − 16(∇µ∂ν − gµν∇ρ∂ρ)ϕ2 + 16ϕ2Gµν . (2.7)
It is easy to check that ∇µΘcµν ≈ 0, and Θc µµ ≈ 0 for quartic V (ϕ). Thus, to recapitulate,
we have the following picture
Rigid Poincare´ Tµν = ∂µϕ∂νϕ+ gµνL , (2.8)
Rigid conformal Θµν = Tµν − 1
6
(∂µ∂ν − gµν2)ϕ2 , (2.9)
Local conformal Θcµν = Tµν − 16(∇µ∂ν − gµν∇ρ∂ρ)ϕ2 + 16ϕ2Gµν . (2.10)
2.1 From Conformal Action
These formulations can be obtained from a conformal action, containing apart from the
physical field ϕ also a compensating scalar ϕ0. Both have then Weyl weight 1. The action
reads
S =
∫
d4
√
g
[−1
2
ϕ02
Cϕ0 +
1
2
ϕ2Cϕ+ λϕ4
]
=
∫
d4
√
g
[
1
2
∂µϕ0∂
µϕ0 − 12∂µϕ∂µϕ+ 112(ϕ20 − ϕ2)R + λϕ4
]
. (2.11)
To gauge fix the compensating scalar, one should choose a frame. The Einstein frame
corresponds to fixing ϕ20 = ϕ
2 + 6κ−2. In this case one observes that no conformal part in
the action is present, and hence there is no traceless energy-momentum tensor. Thus another
frame, called a conformal frame, should be chosen. It corresponds to taking ϕ20 = 6κ
−2, which
provides conformal action and traceless energy-momentum tensor.
4
3 Supercurrent and Einstein Tensor from Supercon-
formal Approach
The actions of chiral multiplets in the superconformal setup are symbolically obtained from
S =
[
N(XI , X¯ I¯)
]
D
+
[W(XI)]
F
. (3.1)
XI are chiral multiplets with (1, 1) Weyl and chiral weights. I = 0, ..., n, where n is the
number of physical multiplets, 0-index is the multiplet that compensates the superconformal
symmetry. The D-term is real of Weyl and chiral weights (2, 0) and the F-term is holomorphic
of weights (3, 3). See [10] or Appendix A of [1] for detailed explanation of the notation. Since
pure supergravity is given by N = −3X0X¯ 0¯, we can reorganize the variables XI in the form
S0 = X0 , Si = X
i
X0
, i = 1, . . . , n , and write
N(X, X¯) = S0S¯ 0¯Φ(S, S¯) , W(X) = (S0)3W (S) . (3.2)
Furthermore, to separate pure supergravity from the matter part, we can make the splitting
Φ(S, S¯) = −3 + 3ΦM(S, S¯) such that
N(X, X¯) = S0S¯ 0¯(−3 + 3ΦM(S, S¯)) = NG +NM , W(X) = (S0)3W (S) , (3.3)
where NG denotes the pure supergravity and NM is the matter part. The field equation for
the compensating multiplet, I = 0 can be written as
R+ Y
(S0)2
≈ 0 with Y ≡ −2(S0)3∆W + S0T (S¯ 0¯∆K) . (3.4)
The scalar curvature is defined in terms of the compensating multiplet as R ≡ 1
S0
T (S¯ 0¯) [13],
where the operation T is the superconformal version of the superspace operation D¯2. In the
conformal frame S0 = κ−1, we have R+κ2Y ≈ 0. Hence R ≈ 0 for the conformal case. The
equation (3.4) is related to the global formulae in [14,15,8, 16,9, 17]. In (3.4) we defined
∆K ≡ − 1
3S¯ 0¯
(
N0 + 3S¯
0¯
)
= SiΦM i − ΦM , (3.5)
∆W ≡ 1
3(S0)2
W0 = W − 1
3
SiWi .
The conformal case corresponds to ∆K = ∆W = 0. Thus W is homogeneous of rank 3 and
ΦM is homogeneous of rank 1 both in S
i and S¯i, ΦMij¯ has degree zero. One field ΦM = SS¯
corresponds to the conformally coupled scalar of CCJ.
4 Non-linear Form of Ferrara-Zumino Equations of 1975
We would like to generalize the FZ equation Dα˙Eαα˙ = DαR to the non-linear level. In the
superconformal formulation nonlinearities come from two sources: compensator dependence
and coupling to matter. The non linear version of Eαα˙ we denote by Eαα˙. Let’s add the
compensating scalar to some power in the FZ equation:
D
α˙Eαα˙ = (S0)k1(S¯ 0¯)k2Dα
(R
S0
)
. (4.1)
5
Matching the Weyl and chiral weights on both sides fixes uniquely the powers of S0 and S¯0
as k1 + k2 = w, k1 − k2 = 3. The S0 under the derivative in the denominator on the right
hand side is needed to provide a real Eαα˙. Thus the non-linear version of FZ equation reads
Dα˙Eαα˙ = (S0)3Dα
(R
S0
)
, (4.2)
which is the generalized Bianchi identity. Using R in (3.4), this equation can be solved. Its
flat limit reproduces the known formula
Eαα˙ = −4iS¯0
↔
∂αα˙S
0 − 2(DαS0)(D¯α˙S¯ 0¯) . (4.3)
5 The Supercurrent
Since we have used an explicit splitting in the action (3.3), we can use the relation between
R and Y and Eαα˙ + Jαα˙ ≈ 0 to find the conservation law for the supercurrent
Dα˙Jαα˙ ≈ (S0)3Dα
(
Y
(X0)3
)
≈ −(S0)3Dα
(
2∆W − (S0)−2T
(
S¯ 0¯∆K
))
. (5.1)
One observes that Dα˙Jαα˙ ≈ 0 in the conformal case. E and J that satisfy (4.2) and (5.1)
can be written in components as
Jµ = −ΦMEµ + 2iX¯ 0¯ΦM i¯χ¯0¯γµχi¯ + 2iX0ΦM iχ¯iγµχ0
+2iX0X¯ 0¯
[
2(ΦM iDµSi − ΦM i¯DµS¯ i¯)− ΦM ij¯χ¯iγµχj¯
]
, (5.2)
Eµ = 4iX0DµX¯ 0¯ − 4iX¯ 0¯DµX0 + 2iχ0γµχ0¯ . (5.3)
In the conformal frame X0 = κ−1 and Ω0 = 0, Eµ does not depend on matter fields, and we
have
Eµ = −8κ−2Aµ , Jµ = 8κ−2ΦMAµ + 2iκ−2
[
2(ΦM iDµSi − ΦM i¯DµS¯ i¯)− ΦM ij¯χ¯iγµχj¯
]
, (5.4)
which is the generalization of the CCJ.
5.1 Aµ Field Equation
One can observe that
− 3
4
(Eµ + Jµ) = iNI¯DµX¯ I¯ − iNIDµXI + 12iNIJ¯Ω
I
γµΩ
J¯ . (5.5)
Since [W ]F does not involve Aµ (the gauge field of the R-symmetry in the conformal ap-
proach, and is the auxiliary field in the super-Poincare´ action), (5.5) gives the Aµ field
equation
e−1
δ
δAµ
[N(X, X¯)]D = −34(Eµ + Jµ) . (5.6)
This expression is a superconformal primary, and can be used as first component of a super-
conformal and Einstein tensor multiplet. The full multiplet was found in [1]. In [2] it was
shown that the variation of the action with respect to the field Aµ always gives E + J as
far as the action is invariant under all superconformal transformations and the covariantized
field equations [18] are used. In the following we will consider new and old minimal setups
with Fayet-Iliopoulos (FI) term and write Ward identities for these theories using techniques
of [2] .
6
6 Old Minimal Supergravity with a FI Term
Let us consider the old minimal supergravity when FI term is present. The basic Lagrangian
is
L = [N(XI , X¯I)eξV ]
D
+ [WαWα]F , {XI} = {X0, X i} , (6.1)
where ξ is the (dimensionless) FI constant. X0 transforms under an abelian gauge group
gauged by a real multiplet V .
X0 → X0e−ξΛ, V → V + Λ + Λ¯, Si inert. (6.2)
The super-Einstein equations are obtained from the Lagrangian by variation of the auxiliary
field Aµ
1
4
iγµαα˙e
−1 δL
δAµ
= Eom,Vαα˙ (X0, V ) + Jαα˙(X0, V, Si) + EWαα˙ ≈ 0 , (6.3)
where EWαα˙ = 4Wα˙Wα, Wα ≡ TDαV = −12 iλα with λα being the left-projected gaugino in the
gauge multiplet. It was proven in [2] that Eom,Vαα˙ satisfies the following Ward identity
D¯α˙Eomαα˙ = (eξVX0)3Dα
[
e−3ξV T
(
eξV X¯0
)
(X0)2
]
+ 3ξX0eξV X¯0Wα . (6.4)
The superspace geometry that encodes this Ward identity was called chirally extended su-
pergravity in [19]. Note that ξ → 0 gives the pure old minimal.
From the field equation (6.3) one obtains the Jαα˙ Ward identity using the splitting (3.3)
and the field equations of auxiliary fields
Dα˙Jαα˙ ≈ 13(eξVX0)3Dα
[
e−3ξV T
(
eξVNM0
)
(X0)2
]
− ξWαNMeξV , (6.5)
which is the generalization of R ≈ −κ2T µµ of general relativity. NM is the matter part and
N0 ≡ ∂N(X,X¯)∂X0 = X¯0
(
Φ− Si ∂Φ
∂Si
)
= −3X¯0 +NM0 .
7 New Minimal Supergravity
The action for pure new minimal supergravity is given in terms of a real linear multiplet L
(the chiral X0 doesn’t appear in the action) as
Lnm =
[
3L ln
L
X0X¯0
]
D
. (7.1)
According to the general Ward identity (2.14) obtained in [2] , this satisfies
Dα˙ELαα˙ = LWLα . (7.2)
One can add matter and FI term to this action
Lnm =
[
3L ln
L
X0X¯0
]
D
+ [LK]D + ξ [LV ]D + [W
αWα]F , (7.3)
7
where K is the matter Ka¨hler potential. The full Aµ field equation then is split as
ELµ + Jµ + EWµ ≈ 0 . (7.4)
Each term satisfies the following Ward identitites
Dα˙ELαα˙ = LWLα , Dα˙EWαα˙ = −2WαD , Dα˙Jαα˙ ≈ LWKα . (7.5)
The relevant field equation that we used here is the field equation of χα, the fermionic
component of the linear multiplet, which defines WLα , W
K
α and W
nm,FI
α = ξWα.
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